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Abstract
Orthogonal quadruple systems are deﬁned and investigated. Orthogonal quadruple systems
with an additional nesting property are shown to provide a new construction of 3-frames
Fð3; 4; nf2gÞ (Design Codes Cryptogr. 4 (1994) 5). Constructions for pairs of nested
orthogonal quadruple systems are provided. Applications to 2-resolvable Steiner quadruple
systems and highly nonlinear functions are discussed.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
A t-wise balanced design Sðt; K ; vÞ is a pair ðS; bÞ; where S is a set of v elements
and b is a set of subsets, bCS; with jbjAK such that every t-subset of S is in exactly
one bAb: When K ¼ fkg; we usually write Sðt; k; vÞ: An Sð2; 3; nÞ is called a Steiner
triple system, brieﬂy STSðnÞ; and an Sð3; 4; vÞ is called a Steiner quadruple system,
brieﬂy SQSðvÞ [10]. An i-resolution of an Sðt; k; vÞ design ðS; bÞ is a partition of
b ¼ S bx into Sði; k; vÞ designs ðS; bxÞ: Two designs ðS; bÞ and ðS; b0Þ are said to be
isomorphic if there is a permutation f of S that maps the subsets in b to those in b0;
i.e. b0 ¼ f ðbÞ: The designs are said to be disjoint if b-b0 ¼ |: The designs are said to
be isomorphic disjoint mates if they are both isomorphic and disjoint.
The Hamming code of length n ¼ 2m  1; Hm; is a linear perfect single error
correcting code. The parity check matrix consists of all nonzero binary vectors of
length m as columns in some order. The supports of the words of weight 3 in the
Hamming code form the blocks of a Steiner triple system isomorphic to the lines in
Projective Space of dimension m  1 over F2: Similarly, the supports of the words of
weight 4 in the extended Hamming code form the blocks of a Steiner quadruple
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system isomorphic to the planes in Afﬁne Space of dimension m over F2: We will
refer to these brieﬂy as the Boolean STSð2m  1Þ and Boolean SQSð2mÞ:
The ﬁrst, and for a long time, only Steiner quadruple systems that were known to
be 2-resolvable were the Boolean SQSð22mÞ [1,18]. The ﬁrst construction was a
consequence of the partition of the (extended) Hamming code into (extended)
Preparata codes [18]. Later, Teirlinck [16] gave a construction for new orders of 2-
resolvable SQS: A key element in that construction was the generalization of the
concept of a frame. In the next section, we will review the deﬁnition of 3-frame and
the construction presented in [16].
We introduce the following deﬁnition:
Deﬁnition 1.1. A pair of SQSðvÞ; ðS; b1Þ; ðS; b2Þ are orthogonal if they are disjoint
and whenever fa; x; b; cg; fa; x; b0; c0gAb1 then fa; y; b; cg; fa; y0; b0; c0gAb2 and yay0
(and of course yax).
The adjectives ‘‘orthogonal’’ and ‘‘perpendicular’’ have been used extensively in
deﬁning pairs of designs with certain properties (e.g. [14]). Unfortunately, these
deﬁnitions do not always agree. The above deﬁnition is different still from the other
usages such as [14] but is more appropriate to quadruple systems.
Deﬁnition 1.2. An ordered pair of orthogonal SQSðvÞ; ðS; b1Þ; ðS; b2Þ are nested
(denoted by b2 ) b1) if whenever fa; a0; b; cg; fa; a0; b0; c0gAb1 then fx; a; b; cg;
fy; a0; b0; c0gAb2 and xay:
This nested property is not necessarily symmetric.
The term nested pair of SQS follows naturally from the deﬁnition of nested triple
systems (see [15]). Brieﬂy, a nested triple system on a set S can be deﬁned as a set, t;
of 4-subsets of S where the six edges of each 4-subset are partitioned into a triangle
and a star K1;3; in such a way that every pair of S occurs exactly once in a triangle
and once in a star. Each derived triple system from b2 of a nested pair of quadruple
systems determines a nested triple system in b1: In effect, such a pair induces a
partition of the blocks of b1 into nested triple systems.
In Section 3, we will show that 3-frames can be constructed from nested
orthogonal SQSðvÞ: We will give several direct constructions of nested orthogonal
SQS as well as other constructions of new 3-frames.
2. Frames
First, we need to introduce a special case of a general deﬁnition of group divisible
design.
Deﬁnition 2.1. A Group Divisible Design, GDDðt; k; nfggÞ is a set S; n disjoint subsets
of S; G1; G2;y; Gn; of size g which partition S (called groups), and a set of subsets
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of size k; b; which intersect any group Gi in at most one point and which cover every
t-subset having that property exactly once.
In [16], the following deﬁnition of a 3-frame Fð3; 4; nf2gÞ was given:
Deﬁnition 2.2. A 3-frame Fð3; 4; nf2gÞ is a GDDð3; 4; nf2gÞ; ðS; bÞ in which b
can be partitioned into bi so that each ðSi; biÞ is a GDDð2; 4; ðn  1Þf2gÞ; where
Si ¼ S\Gi; i ¼ 1;y; n:
This generalization of frames was key to the following result:
Proposition 2.2 (Teirlinck [16]). If there exists a 3-design Sð3; K ; vÞ; ðS; bÞ and an
element NAS such that for every bAbN ¼ fbAbjNAbg; a 2-resolvable Sð3; 4; 2jbjÞ
exists, and for every bAb\bN a 3-frame Fð3; 4; jbjf2gÞ exists, then a 2-resolvable
Sð3; 4; 2vÞ exists.
We now connect nested orthogonal quadruple systems to 3-frames. First, we recall
that a derived triple system of an Sð3; 4; nÞ; ðS;bÞ; associated with xAS is an
Sð2; 3; n  1Þ deﬁned on the set S\fxg with triples bðxÞ ¼ fb\fxgjxAbAbg:
Proposition 2.3. If there exists a pair of nested orthogonal quadruple systems,
Sð3; 4; nÞ; then there exists a 3-frame Fð3; 4; nf2gÞ:
Proof. Let ðS; b1Þ and ðS; b2Þ be a pair of nested orthogonal Sð3; 4; nÞ with b2 ) b1:
Deﬁne the point set S0 ¼ S 
 f0; 1g; and groups Gi ¼ fði; 0Þ; ði; 1Þg; iAS: Finally,
b ¼ ffða; jÞ; ðb; jÞ; ðc; jÞ; ðd; j þ 1Þg; j ¼ 0; 1jfa; b; c; dgAb1g; where the second co-
ordinates are reduced ðmod 2Þ: This is clearly a GDDð3; 4; nf2gÞ as this is just a
variation of a well-known doubling construction of Steiner quadruple systems (see
[11]).
For each xAS deﬁne
bx ¼ffða; jÞ; ðb; jÞ; ðc; jÞ; ðd; j þ 1Þg;
j ¼ 0; 1jfa; b; c; xgAb2 and fa; b; c; dgAb1g:
Again, the second coordinates of elements are assumed to be reduced ðmod 2Þ:
Since the quadruple systems are disjoint, we have that for any triple,
fa; b; cgAb2ðxÞ; there is a unique quadruple fa; b; c; dgAb1 with dax: Hence, no
block of bx intersects the group Gx: Clearly, since every pair fa; bg is in exactly one
triple of b2ðxÞ; every pair fða; jÞ; ðb; jÞgCS0\Gx is in exactly one block of bx:
Second, if a pair fða; jÞ; ðd; j þ 1Þg occurred in more than one block, we would
have two blocks fa; b; c; xg; fa; b0; c0; xgAb2 and corresponding blocks
fa; b; c; dg; fa; b0; c0; dgAb1 but this contradicts the orthogonality property of the
quadruple systems. Otherwise, we would have two blocks fa; b; c; xg; fd; b0; c0; xgAb2
and corresponding blocks fa; b; c; dg; fd; b0; c0; agAb1 but this contradicts the nested
property of the quadruple systems.
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Thus, ðS0x; bxÞ is a GDDð2; 4; ðn  1Þf2gÞ for each xAS: &
The obvious necessary modularity conditions for the existence of these 3-frames
Fð3; 4; nf2gÞ; is n  2 ðmod 3Þ [16]. Thus, we have:
Corollary 2.3. The necessary modularity condition for the existence of a pair of nested
orthogonal Sð3; 4; nÞ is n  2 ðmod 6Þ:
Next we consider the construction of orthogonal quadruple systems.
3. Orthogonal quadruple systems
Before continuing, we give an alternate characterization of orthogonal quadruple
systems. To do so we need to recall the deﬁnition of perpendicular or orthogonal
triple systems.
Deﬁnition 3.1. A pair of STSðvÞ; ðS;T1Þ; ðS;T2Þ are orthogonal if they are
disjoint and whenever fx; b; cg; fx; b0; c0gAT1 then fy; b; cg; fy0; b0; c0gAT2 and
yay0:
The next proposition follows immediately from the deﬁnitions of orthogonal or
perpendicular systems.
Proposition 3.1. A pair of SQSðnÞ; ðS; b1Þ and ðS; b2Þ; are orthogonal if and only if
the derived triple systems b1ðaÞ and b2ðaÞ are orthogonal for every aAS:
The most obvious examples of orthogonal quadruple system are the Boolean
SQSð2mÞ or planes in afﬁne spaces over F2 as they are sometimes called.
Proposition 3.2. If a pair of Boolean SQSð2mÞ are disjoint then they are orthogonal.
Proof. Let ðS; b1Þ; ðS; b2Þ be two disjoint isomorphic copies of the Boolean
SQSð2mÞ: Boolean SQSð2mÞ have the property that if fa; x; b; cg; fa; x; b0; c0g are
quadruples in the design then so is fb; c; b0; c0g: If fa; x; b; cg; fa; x; b0; c0gAb1 and
fa; y; b; cg; fa; y0; b0; c0gAb2 with y ¼ y0 then fb; c; b0; c0gAb1-b2 contradicting the
fact that these designs are disjoint. Thus, yay0 and they must be orthogonal. &
Theorem 3.3. There exists a pair of nested orthogonal SQSð22m1Þ; for mX2:
Proof. A cyclic code of length n ¼ 22m1; mX2 having a primitive polynomial
as its generator polynomial is a Hamming code. If a is a primitive element in the
ﬁeld F22m1 then so is a
3: The corresponding primitive polynomials generate
Hamming codes whose intersection is a distance 5 BCH-code. In particular, the
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supports of the words of weight 4 in their corresponding extended codes are
disjoint SQSð22m1Þ; ðS; baÞ; ðS; ba3Þ: Therefore, by Proposition 3.2 these systems
are orthogonal.
The parity check matrices for these cyclic Hamming codes are:
Ha ¼ ½ 1 a a2 ? an2 
and
Ha3 ¼ ½ 1 a3 ða3Þ2 ? ða3Þn2 :
Notice that if column A in Ha has value a then the same column in Ha3 has value
a3: The parity check matrices for the corresponding extended cyclic Hamming codes
are:
Ha ¼
1 a a2 ? an2 0




1 a3 ða3Þ2 ? ða3Þn2 0
1 1 1 ? 1 1
 
:
A word of weight 4 is in an extended Hamming code if and only if the
corresponding columns in the parity check matrix add to zero. We can ignore the
bottom row since any four entries add to zero. It follows that the support
fA; B; C; Dg of a word of weight 4 will be in ba if and only if a þ b þ c þ d ¼ 0 with
a; b; c; dAFn: Likewise, fA; B; C; DgAba3 if and only if a3 þ b3 þ c3 þ d3 ¼ 0:
We want to prove that the nested property holds for these systems. Assume that it
does not. Then the blocks fA; B; C; Xg; fX ; Y ; Z; AgAba and corresponding blocks
fA; B; C; Wg; fX ; Y ; Z; WgAba3 would exist for some collection of supports
A; B; C; X ; Y ; Z; W that are distinct elements of S with a; b; c; x; y; z; wAFn being
their Ha upper column values, respectively.
These blocks correspond to the following equations:
a þ b þ c þ x ¼ 0;
x þ y þ z þ a ¼ 0;
a3 þ b3 þ c3 þ w3 ¼ 0;
x3 þ y3 þ z3 þ w3 ¼ 0:
These elements are pairwise distinct so the sum of any two of these elements can
take on any value in GFðnÞ except zero. Without loss of generality assume
1 ¼ a þ x
¼ b þ c
¼ z þ y:
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Therefore,
x ¼ a þ 1;
c ¼ b þ 1;
z ¼ y þ 1;
w3 ¼ a3 þ b3 þ c3
¼ a3 þ b3 þ ðb þ 1Þ3
¼ a3 þ b2 þ b þ 1:
Similarly,
w3 ¼ x3 þ y3 þ z3
¼ða þ 1Þ3 þ y3 þ ðy þ 1Þ3
¼ a3 þ a2 þ a þ 1þ y2 þ y þ 1:
Therefore,
a3 þ b2 þ b þ 1 ¼ a3 þ a2 þ a þ 1þ y2 þ y þ 1;
a2 þ b2 þ y2 þ a þ b þ y þ 1 ¼ 0;
ða þ b þ yÞ2 þ ða þ b þ yÞ þ 1 ¼ 0:
Therefore, a þ b þ y is a root of r2 þ r þ 1 which is impossible in GFð22m1Þ: This
contradicts our assumption so we can conclude that the nesting property holds, i.e.
ba3 ) ba: &
The next corollary follows immediately from Theorem 3.3 and Proposition 2.2.
Corollary 3.4. There exists 3-frames Fð3; 4; 22m1f2gÞ for all mX2:
One can ﬁnd additional pairs of nested orthogonal Boolean SQSð22m1Þ: Let
ðS; basÞ be the Boolean quadruple system in the extended Hamming code of length
n þ 1 ¼ 22m1 deﬁned by parity check matrix,
Has ¼ 1 a
s ðasÞ2 ? ðasÞn2 0
1 1 1 ? 1 1
 
:
Corollary 3.5. When s ¼ 2i þ 1; ði; 2m  1Þ ¼ 1; ðS; baÞ and ðS; basÞ form a nested
pair of orthogonal quadruple systems.
Proof. The argument follows the case for s ¼ 3 in Theorem 3.3 above. The
quadruple system ðS; basÞ is well deﬁned, since gcdð22i  1; 22m1  1Þ ¼
2gcdð2i;2m1Þ  1 ¼ 21  1 ¼ 1: Since the intersection of the corresponding Hamming
codes has distance 5 [2], the quadruple systems are disjoint and thus orthogonal.
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Finally, replacing 3 by 2i þ 1 in the proof of Theorem 3.3 one arrives at the
conclusion that a þ b þ y is a root of r2i þ r þ 1: But the degree of any irreducible
factor of this polynomial must divide 2i and 2m  1 which is impossible since
ði; 2m  1Þ ¼ 1: Thus, again this polynomial has no root in GFð22m1Þ and we arrive
at a contradiction. Thus, these systems are nested. &
Theorem 3.3 and the results in [18] along with the inversive spaces Sð3; q þ 1; qt þ
1Þ (see [3]), q a prime power with q þ 1 ¼ 22m1; are sufﬁcient to construct all the
2-resolvable Steiner quadruple systems constructed in [16].
Next we give a construction of nested orthogonal SQSðnÞ and thus of 3-frames
Fð3; 4; nf2gÞ for n ¼ qt þ 1; q  7 ðmod 12Þ; a prime. In [16], a seemingly different
construction of 3-frames for these orders was given.
Carmichael [6, p. 434] gave a construction for a disjoint pair of SQSðq þ 1Þ; when
q  7 ðmod 12Þ; a prime (power) (see also [11]). Let S ¼ fNg,Fq with PSLð2; qÞ
acting on S: Let e; e1 be the two roots of the polynomial t2  t þ 1; that is, primitive
6th roots of unity in Fq: Let b1; and b1 be the orbits of fN; 0; 1; eg and
fN; 0; 1; e1g; respectively, under the action of PSLð2; qÞ: Then ðS; b1Þ and ðS; b1Þ
are disjoint SQSðq þ 1Þ: We remark that the automorphism group of b1,b1 is
PGLð2; qÞ:
As a historical note, the essential part of this construction of Carmichael is brieﬂy
presented in [3, p. 173], but [12] is cited not [6] as perhaps it should be.
Recall that
PSLð2; qÞ ¼ x-ax þ b
cx þ d
ad  bc ¼ g2AFq; ga0
 
and that 1AFq is not a square when q  7ðmod 12Þ (see [3]).
As a matter of fact, the 3-frames in [16] are equivalent to those constructed from
the orthogonal Carmichael systems. If we form a 5-tuple ðN; 0; 1; e; e1Þ then this
5-tuple is in the same orbit under PSLð2; qÞ as ðe2; e4; 1; 0;NÞ which is given by [16,
p. 9] where e2 ¼ b
q1
3 ; b a primitive element such that 1 e2 is a quadratic residue.




We give an alternative proof of this here:
Proposition 3.6. The pair of Carmichael systems ðS; b1Þ and ðS; b1Þ are orthogonal
and nested b1 ) b1 and b1 ) b1:
Proof. Recall that PSLð2; qÞ is 3-homogeneous, when q  7 ðmod 12Þ: Therefore, to
establish orthogonality, it sufﬁces to show that for fN; 0; 1; eg; fN; b; c; egAb1 and
fN; 0; 1; e1g; fN; b; c; ygAb1 we have yae1: Without loss of generality, we can
assume the mapping x-ðc  bÞx þ b in PSLð2; qÞ maps fN; 0; 1; eg to fN; b; c; eg
but then ðc  bÞeþ b ¼ e and ðc  bÞe1 þ b ¼ y: If y ¼ e1 then either c ¼ 1; b ¼ 0
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or e ¼ e1: Thus, we conclude that yae1; and thus the two quadruple systems are
orthogonal.
In order to prove they are nested, we can again assume without loss of generality
that fN; 0; 1; eg; fe; w; w0;NgAb1 and fN; 0; 1; e1g; fe; w; w0; e1gAb1: PSLð2; qÞ
is 3-homogeneous so there must exist an aAPSLð2; qÞ mapping
fN; 0; 1g-fe; w; w0g: We can assume N-e: To complete our blocks a must
map e-N and e1-e1: Therefore, a : fN; e; e1g-fN; e; e1g with ðNeÞðe1Þ
as a cycle. This is a contradiction since in PSLð2; qÞ a nontrivial automorphism
ﬁxing a 3-subset has order 3. Thus, we conclude the two quadruple systems are
nested. &
For the Carmichael systems, the nesting property is symmetric but we have
examples of pairs of orthogonal Boolean SQS where the order matters.
Orthogonal quadruple systems are 3-wise balanced design closed as are 3-frames
[16]. More precisely:
Proposition 3.7. If there exists a Steiner system Sð3; K ; vÞ; ðS; bÞ and for each bAb
there exists a nested pair of orthogonal SQSðjbjÞ; then there exists a nested pair of
orthogonal SQSðvÞ:
Proof. Let ðS; bÞ be a 3-design and for each bAb construct a nested pair of









ðS; b1Þ and ðS;b2Þ will be orthogonal. The argument that these systems are
orthogonal is left to the reader. We will give the argument that ðS; b1Þ and ðS; b2Þ
have the nested property. Assume that ðS; b1Þ and ðS; b2Þ are not nested ðb2Rb1Þ:
Then the blocks fa; c; d; xg; fx; c0; d 0; agAb1 and corresponding blocks
fa; c; d; zg; fx; c0; d 0; zgAb2 would exist for some a; c; c0; d; d 0; x; zAS: Let
fa; c; dgDb and fx; c0; d 0gDb0 for b; b0Ab: Since fa; c; d; xgAb1b and fa; c; d; zgAb2b
we must have a; x; z; c; dAb: Since fx; c0; d 0; agAb1b0 and fx; c0; d 0; zgAb2b0 we must
have a; x; z; c0; d 0Ab0: Therefore, fa; z; xgDb-b0 and hence b ¼ b0 since ðS; bÞ is a 3-
design. This contradicts the fact that ðb; b1bÞ and ðb; b2bÞ are a nested pair. Thus,
ðS; b1Þ and ðS; b2Þ have the nested property. &
Nonexistence of orthogonal STSð9Þ has been established [8] and implies
nonexistence of orthogonal SQSð10Þ: This leaves n ¼ 14 as the smallest open order.
However, in this case we have a nonexistence result.
Proposition 3.8. There does not exist a pair of orthogonal SQSð14Þ:
Proof. There are only two nonisomorphic STSð13Þ and it was established in [8] that
only one has an orthogonal (perpendicular) mate, the cyclic system. However, there
are only four nonisomorphic SQSð14Þ and none of these have all their derived triple
systems isomorphic to this cyclic system [13]. Hence, by Proposition 3.1 none of the
SQSð14Þ can have an orthogonal mate. &
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It was also established [8] that there does not exist an isomorphic pair of
orthogonal Boolean STSð24  1Þ: Therefore, the following result is immediate.
Proposition 3.9 (Gibbons [8]). There does not exist a pair of orthogonal Boolean
SQSð24Þ:
4. Conclusions
At one point, all known frames were in effect constructed from pairs of nested
orthogonal quadruple systems. However, Teirlinck has been able to ﬁnd a general
construction of 3-frames which utilizes harmonic Buekenhout ovals and
PGLð2; 22mþ1Þ [17] but does not come from a pair of SQS:
We know that a necessary condition for a pair of nested orthogonal SQSðnÞ to
exist is that n  2 ðmod 6Þ: The ﬁrst unresolved order for such systems is n ¼ 26: If
we consider pairs of just orthogonal SQSðnÞ; the necessary conditions are less clear.
There are no known examples of orthogonal SQSðnÞ for n  4 ðmod 6Þ even though
orthogonal STSðn  1Þ do exist for n  1X15:
There is an interesting connection between highly nonlinear (Boolean) functions
and the existence of orthogonal or nested pairs of Boolean SQSð2mÞ: A Boolean
function f ðxÞmaps f : GFð2mÞ-GFð2mÞ and we can assume that f ð0Þ ¼ 0: When the
function is bijective, it induces an isomorphism between pairs of Boolean
SQSð2mÞ; ðS; baÞ; ðS; bf ðaÞÞ or equivalently between pairs of (extended) Hamming
codes with parity check matrices Ha and H

f ðaÞ where,
Hf ðaÞ ¼ ½ f ð1Þ; f ðaÞ; f ða2Þ;y; f ða2m2Þ:
The connection between codes and highly nonlinear functions is developed in [4,5]. It
is immediate that Boolean SQSð2mÞ; ðS; baÞ and ðS; bf ðaÞÞ are orthogonal if and only
if f is bijective and Almost Perfect Nonlinear [5].
The pairs of nested orthogonal Boolean SQSð2mÞ were constructed using Gold’s
functions [9] which are examples of crooked [7] or almost bent functions [4,5]. It
would be interesting to explore further this connection between the combinatorial
property of being a nested pair and the nonlinearity of the corresponding function.
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